of mantle modes (M) and core modes (C), while we call the third spectrum of modes, to which they gave the name lithosphere modes tL), the viscosity modes (V), because the horizontal eigenfunctions of these modes clearly show the viscosity contrast (Fang et al. in preparation) . Our identification of modes is also different from Wu & Peltier (1982) in the C modes and V modes before 'transition degree' 6.
There is a fourth spectrum of modes which we name the surface modes (S). These modes have been practically neglected in previous studies but turn out to be very useful in our analysis.
In fact, a Newtonian viscous fluid always has two groups of gravitational modes: the core modes (C) excited by the CMB, and the surface modes (S) generated by the surface boundary.
For a uniform viscosity model, a Maxwell body also has only two spectra of modes, S and C ( 
Definition
Consider an open-ended box contour C in the complex z = x + iy plane (Fig. 4) . Fixing all the dimensions of C except for Harmonic degree x by means of the contour C integral of a specific integrand w(z). Next, we shrink the height _ of C, which is parallel to the imaginary axis, to zero in such a way that the real axis is always between the two sides of C {Fig. 4). We define the isolation function l_(x} as
;x}
Except when mentioned otherwise, we assume that singularities of w{z) are on the real axis and that poles are all of first order. where Zo = Xo, (Xo < xf_,). One can easily obtain
This is a step function, jumping in value at the pole z0 of w. If there are several poles on the left side of xfi_, l_(x) will be a multistep function with the same number of jumps (falls) as of poles (Fig. 4) . 
Relations (11) 
j Sj where _'f, and _i are the real part and imaginary parts of g,,,( (co_i. <-co -< co_-_).
One question remains: how does the isolation function behave numerically'? The key issue is whether a numerical integration of (15) can give a robust approximation to a step function. Fig. 6 shows the numerical result of the test integral (10). Since the numerical integration will blow up at the exact value e:= 0, the limit of e is stopped at _ = 0.002. The integral spacing is chosen as 0.001, and the upper limit xr_,_ is fixed at 1. Fig. 6 clearly indicates that the isolation function is robust enough numerically to isolate the effects of modes. 
RESULTS

Viscosity models
Four sets of viscosity models, A. B, C, and D, are used in this study (Fig. 7) Fig. 7 ).
Isolation functions for different viscosity models
The main results of this paper are the isolation functions 114)
for the viscosity models in Fig. 7 (equivalent to the M and V modes, respectively, in this paper), belong to the pair of modes arising from the viscosity discontinuity at the bottom of the lithosphere.
The mode arising from the surlhce density contrast joins the S branch at degrees n_>40.
When the viscosity contrast at the bottom of the lithosphere is very large IFigs le and f), the S modes are way above the rest of the modal branches, and the contribution of the S modes to the time response is negligible (Fig. 2) A close inspection of the linear curve in Fig. 9 shows a number of blunt saw teeth in the vicinity of where the M mode arising from a layered structure is found. These saw teeth can be used to demonstrate how the M mode is split into a continuous distribution. A layered structure which has a positive convexity (the layered model in B in Fig. 7 Fig. 10 , and a kind of irregular relationship in terms of their convexities shows up. (Fig. 8) or the failure of the discrete mode structure (Figs 9, 10 and 11). The essence of the difference, using the mode language, lies in the fact that major modes of have a 'realistic' viscoelastic parameter _I/ILquite similar to that of the exponential model D in Fig. 7 [the "realistic' shear modulus, e.g. Dziewonski & Anderson I1981), also has a modest increase with depth]. Hence, we can predict from Fig. 15 that a significant part of the total strength of the Love numbers will come from the singular bound. On the other hand, the viscoelastic parameters in Tushingham & Peltier's 11991) model have nearly zero convexity and a very small singular bound. We can reasonably anticipate that the contribution of the singular bound to the Love numbers for this model wilt be small. These two predictions are indeed correct isee Fang et al. in preparation) . A rule of thumb tbr spherical harmonic expansions in a wide range of problems is that the variation of upper mantle physical properties has little effect on the lower harmonic degree, while the variation of the lower mantle physical properties has little effect on the higher degrees. This rule of thumb also applies to our problem. As seen in Figs 12 and 13, the lower mantle viscosity variation has little impact on degree 15, while the upper mantle viscosity variation has little effect on degree .t. Interestingly, at degrees where the viscosity variations do not have much effect, the singular bound contributions become as large as even up to 95 per cent of the total strengths of the Love numbers. For the combined models C and D, in problems associated with the singularities. We sum up, in the following, the major results of this investigation. The discrete mode assumption for the Maxwell viscoelastic rheology is valid with finite layer viscoelastic parameter models fVEPMs). For VEPMs that are continuous functions of radius, the notion of discrete modes is only valid outside the singular bound. The general form of the dynamic response of a Maxwell viscoelastic earth contains a continuous spectrum of relaxation within the singular bound and a number of possible discrete relaxation modes outside the singular bound {eq. 14). • -
Time (kyr) Figure 14 . As Fig. 12 , except for viscosity models in C. Time (kyr) Figure 15 . As Fig. 12 , except for viscosity models in D.
adopted as an approximation. However, the search for modes within the singular bound has to follow the correct procedure given in the appendix of this paper. = k=o -?_. _-',% In(r--r,,) 3 (r -rt)) k*3Ù
'3'= Z ?'_;_ +2gW_lnt, '-r.) 57" ---- The rest of the derivation is straightforward and is thus
